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THE INTUITIVE DEFINITION OF DU BOIS
SINGULARITIES
SA´NDOR J KOVA´CS
To Gerard van der Geer on the occasion of his 60th birthday
1. INTRODUCTION
Let X be a smooth proper variety. Then the Hodge-to-de-Rham
(a.k.a. Fro¨licher) spectral sequence degenerates at E1 and hence the
singular cohomology group H i(X,C) admits a Hodge filtration
(1.1) H i(X,C) = F 0H i(X,C) ⊇ F 1H i(X,C) ⊇ . . .
and in particular there exists a natural surjective map
(1.2) H i(X,C)։ Gr0FH
i(X,C)
where
(1.3) Gr0FH
i(X,C) ≃ H i(X,OX).
Deligne’s theory of (mixed) Hodge stuctures implies that even if X
is singular, there still exists a Hodge filtration and (1.2) remains true,
but in general (1.3) fails.
Du Bois singularities were introduced by Steenbrink to identify the
class of singularities for which (1.3) remains true as well. However,
naturally, one does not define a class of singularities by properties of
proper varieties. Singularities should be defined by local properties and
Du Bois singularities are indeed defined locally.
It is known that rational singularities are Du Bois (conjectured by
Steenbrink and proved in [Kov99]) and so are log canonical singular-
ities (conjectured by Kolla´r and proved in [KK10]). These properties
make Du Bois singularities very important in higher dimensional ge-
ometry, especially in moduli theory (see [Kol11] for more details on
applications).
Unfortunately the definition of Du Bois singularities is rather techni-
cal. The most important and useful fact about them is the consequence
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of (1.2) and (1.3) that if X is a proper variety over C with Du Bois
singularities, then the natural map
(1.4) H i(X,C)։ H i(X,OX)
is surjective.
One could try to take this as a definition, but it would not lead to a
good result for two reasons. As mentioned earlier, singularities should
be defined locally and it is not at all likely that a global cohomological
assumption would turn out to be a local property. Second, this par-
ticular condition could obviously hold “accidentally” and lead to the
inclusion of singular spaces that should not be, thereby further lowering
the chances of having a local description of this class of singularities.
Therefore the reasonable approach is to keep Steenbrink’s original
defition, after all it has been proven to define a useful class. It does
satisfy the first requirement above: it is defined locally. Once that
is accepted, one might still wonder if proper varieties with Du Bois
singularities could be characterized with a property that is close to
requiring that (1.4) holds.
The main result of the present paper is exactly a characterization
like that.
As we have already observed, simply requiring that (1.4) holds is
likely to lead to a class of singularities that is too large. A more natural
requirement is to ask that (1.3) holds. Clearly, (1.3) implies (1.4) by
(1.2), so our goal requirement is indeed satisfied.
The definition [Ste83, (3.5)] of Du Bois singularities easily implies
that if X has Du Bois singularities and H ⊂ X is a general member of
a basepoint-free linear system, then H has Du Bois singularities as well.
Therefore it is reasonable that in trying to give an intuitive definition
of Du Bois singularities, one may assume that the defining condition
holds for the intersection of general members of a fixed basepoint-free
linear system.
I will prove here that this is actually enough to characterize Du Bois
singularities (see (2.3) for their definition). This result is not geared
for applications, it is mainly interesting from a philosophical point of
view. It says that the local definition not only achieves the desired
property for proper varieties, but does it in an economical way: it does
not allow more than it has to.
At the same time, a benefit of this characterization is the fact that
for the uninitiated reader this provides a relatively simple criterion
without the use of derived categories or resolutions directly. In fact,
one can make the condition numerical. This is a trivial translation
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of the “real” statement, but further emphasizes the simplicity of the
criterion.
In order to do this we need to define some notation: Let X be a
proper algebraic variety over C and consider Deligne’s Hodge filtration
F
q
on H i(X,C) as in (1.1). Let
Gr
p
FH
i(X,C) = F
pH i(X,C)
/
F p+1H i(X,C)
and
f
p,i(X) = dimCGr
p
FH
i(X,C).
I will also use the usual notation
h
i(X,OX) = dimCH
i(X,OX).
Recall (cf. (2.2)) that by the construction of the Hodge filtration and
the degeneration of the Hodge-to-de-Rham spectral sequence at E1, the
natural surjective map from H i(X,C) factors through H i(X,OX):
H i(X,C) //
,, ,,
H i(X,OX) // Gr
0
FH
i(X,C).
In particular, the natural morphism
(1.5) H i(X,OX)։ Gr
0
FH
i(X,C)
is also surjective and hence
(1.6) hi(X,OX) ≥ f
0,i(X).
Now we are ready for the main theorem. It essentially says that if
the opposite inequality of (1.6) holds for general complete intersections,
then the ambient variety has Du Bois singularities.
More precisely I will prove the following.
Theorem 1.7. Let X be a proper variety over C with a fixed basepoint-
free linear system d. (For instance, X is projective with a fixed projec-
tive embedding). Then X has only Du Bois singularities if and only if
h
i(L,OL) ≤ f
0,i(L) for i > 0 for any L ⊆ X which is the intersection
of general members of d.
Corollary 1.8. Let X ⊆ PN be a projective variety over C with only
isolated singularities. Then X has only Du Bois singularities if and
only if hi(X,OX) ≤ f
0,i(X) for i > 0.
Proof. As X has only isolated singularities, a general hyperplane sec-
tion is smooth and does not contain any of the singular points. Hence
as soon as hi(X,OX) ≤ f
0,i(X) one also has that hi(L,OL) ≤ f
0,i(L)
for any L ⊆ X which is the intersection of general hyperplanes in PN .
Therefore the statement follows from (1.7). 
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These statements reiterate the fact that singularities impose restric-
tions on global cohomological conditions. In particular one has the
following ad hoc consequence:
Corollary 1.9. Let X ⊆ PN be a projective variety over C with only
isolated singularities. Assume that hi(X,OX) = 0 for i > 0. Then X
has only Du Bois singularities.
Proof. As f0,i(X) ≥ 0, the statement follows from (1.8). 
Observe that (1.5) combined with the condition hi(L,OL) ≤ f
0,i(L)
implies that H i(L,OL) → Gr
0
FH
i(L,C) is an isomorphism and hence
(1.7) follows from the following.
Theorem 1.10. Let X be a proper variety over C with a fixed basepoint-
free linear system d. Then X has only Du Bois singularities if and only
if for all i > 0 and for any L ⊆ X, which is the intersection of general
members of d, the natural map,
νi = νi(L) : H
i(L,OL)→ Gr
0
FH
i(L,C)
given by Deligne’s theory [Del71, Del74, Ste83, GNPP88] (cf. (2.2)) is
an isomorphism for all i.
Remark 1.11. It is clear that if X has only Du Bois singularities then
νi(L) is an isomorphism for all L. Therefore the interesting statement
of the theorem is that the condition above implies that X has only
Du Bois singularities.
Definitions and Notation 1.12. Unless otherwise stated, all objects
are assumed to be defined over C, all schemes are assumed to be of finite
type over C and a morphism means a morphism between schemes of
finite type over C.
Let X be a complex scheme (i.e., a scheme of finite type over C)
of dimension n. Let Dfilt(X) denote the derived category of filtered
complexes of OX-modules with differentials of order≤ 1 andDfilt,coh(X)
the subcategory of Dfilt(X) of complexes K, such that for all i, the
cohomology sheaves of GrifiltK
q
are coherent cf. [DB81], [GNPP88].
Let D(X) and Dcoh(X) denote the derived categories with the same
definition except that the complexes are assumed to have the trivial
filtration. The superscripts +,−, b carry the usual meaning (bounded
below, bounded above, bounded). Isomorphism in these categories is
denoted by ≃qis . A sheaf F is also considered as a complex F
q
with
F 0 = F and F i = 0 for i 6= 0. If K
q
is a complex in any of the above
categories, then hi(K
q
) denotes the i-th cohomology sheaf of K
q
.
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The right derived functor of an additive functor F , if it exists, is
denoted by RF and RiF is short for hi ◦ RF . Furthermore Hi will
denote RiΓ, where Γ is the functor of global sections
2. HYPERRESOLUTIONS AND DU BOIS’ ORIGINAL DEFINITION
We will start with Du Bois’s generalized De Rham complex. The
original construction of the Deligne-Du Bois’s complex, Ω
q
X , is based
on simplicial resolutions. The reader interested in the details is referred
to the original article [DB81]. Note also that a simplified construction
was later obtained in [Car85] and [GNPP88] via the general theory of
polyhedral and cubic resolutions. An easily accessible introduction can
be found in [Ste85].
The word “hyperresolution” will refer to either simplicial, polyhe-
dral, or cubic resolution. Formally, the construction of Ω
q
X is the same
regardless the type of resolution used and no specific aspects of either
types will be used.
Theorem 2.1 [DB81, 6.3, 6.5]. Let X be a complex scheme of finite
type and D a closed subscheme whose complement is dense in X. Then
there exists a unique object Ω
q
X ∈ ObDfilt(X) such that using the no-
tation
ΩpX := Gr
p
filtΩ
q
X [p],
it satisfies the following properties
(2.1.1) Ω
q
X ≃qis CX , i.e., Ω
q
X is a resolution of the constant sheaf C on
X.
(2.1.2) Ω
q
( ) is functorial, i.e., if φ : Y → X is a morphism of proper
complex schemes of finite type, then there exists a natural map
φ∗ of filtered complexes
φ∗ : Ω
q
X → Rφ∗Ω
q
Y .
Furthermore, Ω
q
X ∈ Ob
(
Dbfilt,coh(X)
)
and if φ is proper, then
φ∗ is a morphism in Dbfilt,coh(X).
(2.1.3) Let U ⊆ X be an open subscheme of X. Then
Ω
q
X
∣∣
U
≃qisΩ
q
U .
(2.1.4) If X is proper, there exists a spectral sequence degenerating at
E1 and abutting to the singular cohomology of X such that the
resulting filtration coincides with Deligne’s Hodge filtration:
E
pq
1 = H
q (X,ΩpX)⇒ H
p+q(X,C).
In particular,
Gr
p
FH
p+q(X,C) ≃ Hq (X,ΩpX) .
6 SA´NDOR J KOVA´CS
(2.1.5) If ε q : X q → X is a hyperresolution, then
Ω
q
X ≃qis Rε q ∗Ω
q
X q .
In particular, hi (ΩpX) = 0 for i < 0.
(2.1.6) Let H ⊂ X be a general member of a basepoint-free linear sys-
tem. Then
Ω
q
H ≃qisΩ
q
X ⊗L OH
(2.1.7) There exists a natural map, OX → Ω
0
X , compatible with (2.1.2).
(2.1.8) If X is smooth, then
Ω
q
X ≃qisΩ
q
X .
In particular,
ΩpX ≃qisΩ
p
X .
(2.1.9) If φ : Y → X is a resolution of singularities, then
ΩdimXX ≃qis Rφ∗ωY .
(2.1.10) If pi : Y˜ → Y is a projective morphism, X ⊂ Y is a reduced
closed subscheme such that pi is an isomorphism outside of X,
E is the reduced subscheme of Y˜ with support equal to pi−1(X),
and pi′ : E → X is the induced map, then for each p one has an
exact triangle in the derived category,
ΩpY
// ΩpX ⊕ Rpi∗Ω
p
Y˜
−
// Rpi′
∗
ΩpE
+1
// .
It turns out that the Deligne-Du Bois complex behaves very much
like the de Rham complex for smooth varieties. Observe that (2.1.4)
says that the Hodge-to-de Rham spectral sequence works for singu-
lar varieties if one uses the Deligne-Du Bois complex in place of the
de Rham complex. This has far reaching consequences and if the asso-
ciated graded pieces, ΩpX turn out to be computable, then this single
property leads to many applications.
Observation 2.2. Notice that (2.1.7) gives a natural map OX → Ω
0
X .
This implies that the natural map H i(X,C) → Hi(X,Ω0X), which is
surjective when X is proper because of the degeneration at E1 of the
spectral sequence in (2.1.4), factors as
H i(X,C) //
,,
H i(X,OX) // H
i(X,Ω0X) = Gr
0
FH
i(X,C).
The induced map H i(X,OX)→ Gr
0
FH
i(X,C) is the one that appears
in (1.10).
THE INTUITIVE DEFINITION OF DU BOIS SINGULARITIES 7
Definition 2.3. A scheme X is said to have Du Bois singularities (or
DB singularities for short) if the natural map OX → Ω
0
X from (2.1.7)
is a quasi-isomorphism.
Remark 2.4. If ε q : X q → X is a hyperresolution of X then X has
Du Bois singularities if and only if the natural map OX → Rε q ∗OX q
is a quasi-isomorphism.
Example 2.5. It is easy to see that smooth points are Du Bois and
Deligne proved that normal crossing singularities are Du Bois as well
cf. [DJ74, Lemme 2(b)].
3. THE PROOF OF (1.10)
As observed in (1.11), we only need to prove that if for every i > 0
and for every L ⊆ X which is the intersection of general members of
d, the natural map
(3.1) νi : H
i(L,OL)→ Gr
0
FH
i(L,C)
is an isomorphism, then X has Du Bois singularities.
Observation 3.2. Note that it follows that νi is an isomorphism for
all i ∈ Z. Indeed, both sides are zero for i < 0 and have the same
dimension for i = 0. Since νi is surjective this implies the claim.
Let ΣX ⊆ X denote the locus of points where X does not have
Du Bois singularities, i.e., ΣX is the smallest closed subset of X such
that X \ ΣX has Du Bois singularities. We would like to prove that
ΣX = ∅.
Let H be a general member of d. Then ΣH = ΣX ∩H by (2.1.6). As
our goal is to prove that ΣX = ∅, we may replace X with an intersection
of general members of d and assume that ΣX is finite.
Consider the DB defect of X [Kov11, 2.9], that is, the mapping cone
of the natural morphism OX → Ω
0
X . By definition there exists an exact
triangle,
(3.2.1) OX // Ω
0
X
// Ω×X
+1
// ,
and by (3.2) and (2.1.4),
H i(X,OX)
≃
−→ Hi(X,Ω0X)
is an isomorphism for all i ∈ Z. It follows that then
(3.2.2) Hi(X,Ω×X) = 0
for all i ∈ Z.
On the other hand there exists a spectral sequence computing Hi(X,Ω×X):
Hp(X, hq(Ω×X))⇒ H
p+q(X,Ω×X).
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Observe that supp hq(Ω×X) ⊆ ΣX and hence 0-dimensional. Conse-
quently
Hp(X, hq(Ω×X)) = 0
for p > 0, and hence
H
i(X,Ω×X) = H
0(X, hi(Ω×X)) = h
i(Ω×X)
for all i ∈ Z. Comparing with (3.2.2) we obtain that hi(Ω×X) = 0 for
all i ∈ Z and hence Ω×X ≃qis 0. By the definition of the DB defect
this implies (cf. (3.2.1)) that X has Du Bois singularities. This proves
(1.10) and by (1.11) that implies (1.7). 
Acknowledgment. The results in this paper were inspired by many
conversations with Ja´nos Kolla´r, most recently while we both enjoyed
the hospitality of the Research Institute for Mathematical Sciences at
Kyoto University.
I would also like to thank Karl Schwede and Zsolt Patakfalvi for
insightful comments.
REFERENCES
[Car85] J. A. Carlson: Polyhedral resolutions of algebraic varieties, Trans.
Amer. Math. Soc. 292 (1985), no. 2, 595–612. MR808740 (87i:14008)
[Del71] P. Deligne: The´orie de Hodge. II, Inst. Hautes E´tudes Sci. Publ. Math.
(1971), no. 40, 5–57. MR0498551 (58 #16653a)
[Del74] P. Deligne: The´orie de Hodge. III, Inst. Hautes E´tudes Sci. Publ.
Math. (1974), no. 44, 5–77. MR0498552 (58 #16653b)
[DB81] P. Du Bois: Complexe de de Rham filtre´ d’une varie´te´ singulie`re, Bull.
Soc. Math. France 109 (1981), no. 1, 41–81. MR613848 (82j:14006)
[DJ74] P. Du Bois and P. Jarraud: Une proprie´te´ de commutation au
changement de base des images directes supe´rieures du faisceau struc-
tural, C. R. Acad. Sci. Paris Se´r. A 279 (1974), 745–747. MR0376678
(51 #12853)
[GNPP88] F. Guille´n, V. Navarro Aznar, P. Pascual Gainza, and
F. Puerta: Hyperre´solutions cubiques et descente cohomologique, Lec-
ture Notes in Mathematics, vol. 1335, Springer-Verlag, Berlin, 1988,
Papers from the Seminar on Hodge-Deligne Theory held in Barcelona,
1982. MR972983 (90a:14024)
[Kol11] J. Kolla´r: Singularities of the minimal model program, 2011, (book
in preparation) with the collaboration of Sa´ndor J Kova´cs.
[KK10] J. Kolla´r and S. J. Kova´cs: Log canonical singularities are Du Bois,
J. Amer. Math. Soc. 23 (2010), no. 3, 791–813. doi:10.1090/S0894-0347-
10-00663-6
[Kov99] S. J. Kova´cs: Rational, log canonical, Du Bois singularities: on the
conjectures of Kolla´r and Steenbrink, Compositio Math. 118 (1999),
no. 2, 123–133. MR1713307 (2001g:14022)
[Kov11] S. J. Kova´cs: DB pairs and vanishing theorems, Kyoto Journal of
Mathematics, Nagata Memorial Issue 51 (2011), no. 1, 47–69.
THE INTUITIVE DEFINITION OF DU BOIS SINGULARITIES 9
[Ste83] J. H. M. Steenbrink: Mixed Hodge structures associated with isolated
singularities, Singularities, Part 2 (Arcata, Calif., 1981), Proc. Sympos.
Pure Math., vol. 40, Amer. Math. Soc., Providence, RI, 1983, pp. 513–
536. MR713277 (85d:32044)
[Ste85] J. H. M. Steenbrink: Vanishing theorems on singular spaces,
Aste´risque (1985), no. 130, 330–341, Differential systems and singu-
larities (Luminy, 1983). MR804061 (87j:14026)
University of Washington, Department of Mathematics, Box 354350,
Seattle, WA 98195-4350, USA
E-mail address : skovacs@uw.edu
URL: http://www.math.washington.edu/∼kovacs
